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* MSRI Summer Schools - 2019 Session on Toric Varieties run by David Cox & Hal Schenck

- “Toric Varieties” by Cox, Little, and Schenck

- “What is a Toric Variety?” by David Cox

» “What is... a Toric Variety?” by Erza Miller
» Matt Ballard (UofSC), Alex Duncan (UofSC), Patrick McFaddin (Fordham), Lenny Jones (Shippensburg University)



https://www.msri.org/web/msri/scientific/workshops/summer-graduate-school
https://bookstore.ams.org/gsm-124/
https://dacox.people.amherst.edu/lectures/tutorial.pdf
https://www.ams.org/notices/200805/tx080500586p.pdf
https://matthewrobertballard.com
https://people.math.sc.edu/duncan/
http://mcfaddin.github.io

Explore (normal) toric varieties and their associated fans by constructing
the fan for the complex projective plane.



“Toric varieties form an important and rich class of examples in
algebraic geometry, which often provide a testing ground for theorems.
The geometry of a toric variety is fully determined by the combinatorics

of its associated fan, which often makes computations far more

tractable.”

—-Wikipedia



https://en.wikipedia.org/wiki/Toric_variety

Classical Algebraic Geometry aims to answer guestions about the solution sets of
systems of polynomials.

L

Twase ave called varieties




Classical Algebraic Geometry aims to answer guestions about the solution sets of
systems of polynomials.

ohrd n

solving fov X in equatior
X+ X+ =0

Erives pondts i [R* wiwere the parabola  given by

ax> +bX +¢  intersects the x-S



Classical Algebraic Geometry aims to answer guestions about the solution sets of
systems of polynomials.

ohrd n

HAgn tells us Wow Moy Limes the parabosa given Oy

The diseviminant: b -4ac
ax> tby 0 intersects the x-S
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Classical Algebraic Geometry aims to answer guestions about the solution sets of
systems of polynomials.
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Slightly less classical Algebraic Geometry (a la Hartshorne) gives us a more rigorous
framework to play with.

Definition. Given a field k and positive integer n, we define the n-dimensional affine
space over k to be the set
k" ={(a,...,a) | ay,...,a €k}

Definition. A polynomial f € k[x,, ..., x,] can be thought of as a function from k" to k

Ex. (onsider ’FL’x,ld ) = %aHﬂ n [R[X,‘?r].

S——

T cean take amy point (a,0.) in R™ and evalugte £(x,4 ) af s point-

2

f(a,,8,) = @ T4 0 get an element of R


https://www.springer.com/gp/book/9780387902449

Definition. Given a field k and polynomials fi, ..., f, in k[x, ..., x, ], define:
V(fis--f) = tay,...,a) € K" | f(a,...,a,) =0forall <1< s}.
We'll call V(fy, ...,f,) the affine variety defined by f, ..., f..

Ex. Consider V(x*vy>-1) sitting wsige of R

/\bt V(X’Z«*%Z/()
> W
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Definition. Given a field k and polynomials fi, ..., f, in k[x, ..., x, ], define:
V(fis--f) = tay,...,a) € K" | f(a,...,a,) =0forall <1< s}.
We'll call V(fy, ...,f,) the affine variety defined by f, ..., f..

ex  V (ny-x"+1) en. V(- 2" ’)

—




ceN
A/ 5

[(2)) —= r‘“,'::

Definition. Given a ring R, the spectrum
of R written as Spec R is the set of prime
ideals of R.

(2, X1)] == "
Given an ideal [ of aring R, let V; denote -

the set of prime ideals containing /.

l(x "
Define a topology (the Zariski Topology) i l'l
on Spec R by defining the collection of ' :

closed sets to be {V; | I'is an ideal of R}.

[((0)] generic
point

[(3,X+1)]

[(3,Xx)]

vil(2)) vi(3)) vi(S) vikzn ........

A drawing of Spec Z|x]| due to Mumford.

Pieter Belmans has compiled a collection of similar drawings - "Atlas of Spec Z[x]". See also “Mumford’s
Treasure Map”.



https://pbelmans.ncag.info/blog/atlas/
http://www.neverendingbooks.org/mumfords-treasure-map
http://www.neverendingbooks.org/mumfords-treasure-map

Definition. Anideal / C § = Clx,, ..., x,| gives an affine variety
VII)={peC"| f(p) =0forallp € V}

... on the other hand, an affine variety V C C" gives us an ideal
I(V)y={feS|f(p)=0forallp € V}

Definition. To a variety V we can associate its coordinate ring

ClV] =8/1(V)



... hot all varieties are affine.
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Definition. IP’%, the complex projective plane, is the collection of triples

(X, X1, %,) € C (with not all coordinates zero) endowed with the following
equivalence relation:

(X0, X1> X5) ~ (Vo> V1, Vo) if and only if there exists A € C* such that (xy, x;, X,) = (4yp, 1y1, 4Y) -

— N

CX. Consider thae equohown
X+ ytx, Doss s define SO LHung P2

NO: Doesnt respect the equivalenee relatiow

n P* we smould have (1:1:1) ~13:3%3) ~ 3-(1:]:1)

but: # T plug n (,1,)) tget 3, amd whm L plugin (333) T get 3313 =19. but.. 15=*3-(, (1) =33




Ex. whot dp Unmes in B leok (we?
Consider:  y=x & y=x+
to put these in B well homo genie.

Yy=% —= alreadv) howtogeneons
\O.,- w4+ — l/) = X +3 Notice: n HD,Z thesSe Mnas ‘W\’t&/5@(’/t ot Mg
point (1 [io ) !

in P Lings that were poallel
intersett @ “peint at infhy’
(hence railvond pichave )

Silverman & Tate’s Rational Points on Elliptic Curves contains an appendix on projective geometry.



https://www.springer.com/gp/book/9783319185873

in general fov Ny we ean define projective n-space:

[{9“_-_.- {['00! Q, --~,anj) Qo , Oy ~, Ol ot all %Bm\g

N






Definition. The affine variety (C*)" is a group under component-wise multiplication.

An algebraic torus T is an affine variety isomorphic to (C*)", where T inherits a group
structure from the isomorphism.

wte: He w-dimensvival tovus is:

((E*y = "\ V(xx,)

Definition. A toric variety is an (irreducible) variety V' such that
1. (C*)"is a Zariski open subset of V, and
2. The action of (C*)" on itself extends to an action of (C*)" on V.



a . : :
Clam: I 15 a tovie vaviety.

°is torus Zariski open subset?
Yes: (€)' == P\ Vloxx)
° does tovus achont extend to oam Achowt on ﬂ:’l?

'1@5'- U’l)t2>' (ao 0, az) - (ao AV 43;6!2)



A commem wimy tov vrudy Frojeoﬁ\/& varieties 15 to break them up intd

atfine patches ond Study the affine pieces instead.

Well do +his fov B} amd Hhen use His cmstruckion 1o view P as o toric vorieby.

M Well Lt W, be the set o} POVNLS (Xo: 2" 1) in P* with Ao *0.
0
Sor Uy = 3 oot x, e P | o %6 &

Ynce ¥o+0, we com dimde by x,.

uﬁ-—-?(%: ‘;L‘;";‘E) I%o¢o§ ’%(lf%{;"%z)g

2

So, Uy 15 an affine variety. I —fa(,f - Uo & Spec @[7)2(;,);1&,1 = €
¥ we eam see Hais 1Somwvplism ua Hae wap

(aolal)aQ) H (__@2)__0_(_ 9&)

(o Qo Qo
We ll do 1his some process with lowmwgeneous wordinates x, amd X

Yo get oaffine sets U, omd U, raspac/hve,u\,]l
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kY W, be the set o} POVNLS

S’D uD = ? (Xo
Ance Xo*0, we eown odirMde lMJ X, .

3 (' )l%o*og

U be the set of points
So: U, = 3 (xge

AQnce X FO we ecown dunde lovj pZE

(5
= %:“)L"T:;(,. )I')h*Og

—
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o0 Uy %(xo

l ug_ 171 2t Uy be the set of points

wg

ANce +0, we eown ma@ oy Xe-

?(xz " ;)‘ " S;: ) IYJ *og

1

—
-—

(o 2 1) in P7 wavth X #0.

X, X, )
S-S -ak

(to: 2 2y) in P7 wath X, +o.

x, e [P l X, #D%

NE-ARI-E

(o 2+ 1) in P° wikh
|"X7_3&[F2 [ X, =FD%

As *0.



Now, we ean “glue” W, U, ond U, +ogether 1o get [

SPALE J

SpaceE 1




The gWing g0es Mle his-

Fist:  (ets think about where U 7 U, over(ap.

This shwuld Aoppen whon  both X, and Xy ore nanen.

o~ Uo \ (% =)
A %, Well o\e{—me a map

Xo¥0 (U\kxo -o _“’(U\Lx\ —o>

%
oF0 ¥

X\ ¥0 X :
\\ y %Wm % —
N
, A &) Xo Lo
[ W (\) xol-i‘_)) Lxl l \) r—'x-:)
U, \ (—ff‘— =6
Uo U

t well do the same thing Afov uo% Uz, U ¢ Uy, ond u,,%u,'fu?_.



lo sowe owselves some tme from wow on, well do o Change of (oordinates
Set

—_— =X and .;X—éL : .
Xo X 0

\I

Since Up = Spec CLx, %] > eovdinate ving CL U] = @Ex,\ﬂ

U & Spec ({}C-))SZ— ,%] 7 eovsinate vimg CLUW]) = (2 )cl‘é:)
Uy £ Spee G‘/[%I ’3(‘2: 7 LovMnat e ving Ll Ua] - @La“, xlz]"l

How t0 view [P as a tovic vari e’;y?

Well nwew view +he wonomials n CLW] ac  latice points



Lt M27Z% pe He lakce o} Laurent movwomials in  variables x f Yy

A Y A
® © ¢ o o o ® © ¢ o o o Lathte peint (3, 1) |
o © 0 o o o o © o o OAO/CDWBSPW?(EJP e manomi
E—0—0—90—9o—o o> (o o oo oo o
® o ¢ o o o s o 6 o o
© © ¢ o o o e o 4 o o o
V

(mn) € Z° will covrespmd €0 wwnomial 1“8"?



What kind 0} movomials will we get fom  CLUwl = Clxyl?

X, Yy, Xy, Xy, xy
T N
0,0 o) Ly @) 02

You cam Check The follewing
CLul gives MM owials
spom  § o), ) S

Z),o N \

ClLUy] gives mmomials

span 3 (o,-1), Ci-1) 38

450

(\_/ éPﬂW;j Lllo) ,(Dzl>§

=monomials we get in CLU,].
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(0,1)

- why is Tws wite?

ol oA
cones g fm < L h(m7 ovbits q torus

acting m vori ety

(1,0)



fan fov [P’

fom fov
Bl €™

foun for

Px [P
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