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http://alicia.lamarche.xyz/talks/whatisatoricvariety.pdf


•MSRI Summer Schools - 2019 Session on Toric Varieties run by David Cox & Hal Schenck


• “Toric Varieties” by Cox, Little, and Schenck


• “What is a Toric Variety?” by David Cox


• “What is… a Toric Variety?” by Erza Miller


•Matt Ballard (UofSC), Alex Duncan (UofSC), Patrick McFaddin (Fordham), Lenny Jones (Shippensburg University) 

https://www.msri.org/web/msri/scientific/workshops/summer-graduate-school
https://bookstore.ams.org/gsm-124/
https://dacox.people.amherst.edu/lectures/tutorial.pdf
https://www.ams.org/notices/200805/tx080500586p.pdf
https://matthewrobertballard.com
https://people.math.sc.edu/duncan/
http://mcfaddin.github.io


Explore (normal) toric varieties and their associated fans by constructing 
the fan for the complex projective plane.



–Wikipedia

“Toric varieties form an important and rich class of examples in 
algebraic geometry, which often provide a testing ground for theorems. 
The geometry of a toric variety is fully determined by the combinatorics 

of its associated fan, which often makes computations far more 
tractable.” 

https://en.wikipedia.org/wiki/Toric_variety


Classical Algebraic Geometry aims to answer questions about the solution sets of 
systems of polynomials. 
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Slightly less classical Algebraic Geometry (à la Hartshorne) gives us a more rigorous 
framework to play with. 

Definition. Given a field  and positive integer , we define the -dimensional affine 
space over  to be the set


 

k n n
k

kn = {(a1, …, an) ∣ a1, …, ak ∈ k}

Definition. A polynomial  can be thought of as a function from  to f ∈ k[x1, …, xn] kn k

https://www.springer.com/gp/book/9780387902449


Definition. Given a field  and polynomials  in , define:

.


We’ll call  the affine variety defined by .

k f1, …, fs k[x1, …, xn]
V( f1, …, fs) = {(a1, …, an) ∈ kn ∣ fi(a1, …, an) = 0 for all 1 ≤ i ≤ s}
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A drawing of  due to Mumford. 

Pieter Belmans has compiled a collection of similar drawings -  "Atlas of Spec Z[x]". See also “Mumford’s 
Treasure Map”.

Spec ℤ[x]

Definition. Given a ring , the spectrum 
of  written as  is the set of prime 
ideals of .

R
R Spec R

R

Given an ideal  of a ring , let  denote 
the set of prime ideals containing . 
Define a topology (the Zariski Topology) 
on  by defining the collection of 
closed sets to be .

I R VI
I

Spec R
{VI ∣ I is an ideal of R}

https://pbelmans.ncag.info/blog/atlas/
http://www.neverendingbooks.org/mumfords-treasure-map
http://www.neverendingbooks.org/mumfords-treasure-map


Definition. An ideal  gives an affine variety     
 

I ⊂ S = ℂ[x1, …, xn]
V(I) = {p ∈ ℂn ∣ f(p) = 0 for all p ∈ V}

… on the other hand, an affine variety  gives us an ideal

 

V ⊂ ℂn

I(V) = {f ∈ S ∣ f(p) = 0 for all p ∈ V}

Definition. To a variety  we can associate its coordinate ring

 

V
ℂ[V] = S/I(V)



… not all varieties are affine. 





Definition. , the complex projective plane, is the collection of triples 
 (with not all coordinates zero) endowed with the following 

equivalence relation:


ℙ2
ℂ

(x0, x1, x2) ∈ ℂ3

(x0, x1, x2) ∼ (y0, y1, y2) if and only if there exists λ ∈ ℂ* such that (x0, x1, x2) = (λy0, λy1, λy2) .



Silverman & Tate’s Rational Points on Elliptic Curves contains an appendix on projective geometry.

https://www.springer.com/gp/book/9783319185873






Definition. The affine variety  is a group under component-wise multiplication. 
An algebraic torus  is an affine variety isomorphic to , where  inherits a group 
structure from the isomorphism. 

(ℂ*)n

T (ℂ*)n T

Definition. A toric variety is an (irreducible) variety  such that

1.  is a Zariski open subset of , and 

2. The action of  on itself extends to an action of  on .

V
(ℂ*)n V

(ℂ*)n (ℂ*)n V




























