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P Exawples qf Spherical Varieties

Spuerical varieties seminar — August 3742013
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* "Frobenius splitting Mtihods in Geometry + Rep Theory" by Michel Brion+ Shrawan kumar

GOAL  Discuss various exampes af spherical, horospherical,

and wonderful varieres, as well as amy related definihons

’ . . t + i y inar.
% Notaban/[).:yfn Reminder and theovems ot we hawent seem in this seminar.
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Qg A G-variety is spherical jf it is pormal and has an open B-orbit.
: (X,x) is an embedding of G/H if A is spherical, the G-orbit Gx is openin X, and His the stabilizer
of zeX. We call an embedding Simple if it has a unique closed G-orbit

C,

Its also useful to recall that any spherical G-variety admits a cover by open G-staple fimple)
(sphenlcaL varigties - s0 we reaity oty need to worry about simple guys.

Def. €0 = {4 €00 bk =X ¥ beB §some xB—e*§ ='B-Eigenvectovs or B semi-ivariant
* AOO = x| FeCOO®Y = ser of an B-weignts fuaenet
* A color is a B-stable prime divisor that is not &-stable. We call +heset of all colors the
palette, which we denote by A(X).
*Let (X2) asimple embedding of G/H. Degine C(X)ENLX) 0 be the conve’x tone generated
by A (D1x)) and by all of the Grinvariant vawations associated to G-stable prime divisors of X.
The pair (CCX), DX)) is the painted cone of X.
* Given an embe dding (X,z) of G/H, wedefine its painted fan as:
Fix) = {wlovcd cones associated 1o Xy for any G-oroit Jof X35
with Xy * {xe&l Gx 2Y]
Notation.  * p» = valuation associated to +ne prime divisor D.
* NLX) = Hom, (AL, R )
-8 (X.¥) = colors of X thot contain the closed orbit V.
: f () = cone (convex) generated by /Q(o@(X)) £ weights associated tp Gstable prime divisod

g ¥

* UlX) = set of 6-invariant valuations on X.

Pezzinis notes (and Robs!) mention thc following:

To classify ALL spherical G-varieties, we can look at the following: Recall - when GIH is a

- Fix a spherical subgroup HC G and Study oM embeddings X ¢f G/H Sphevical variety, we call

- Study all spherical subgroups He & Ha spherica) subgroup.



P) Revisiting examples of Spherical varietes

/7 AND THEIR PRINTED FANS/CONEY Fe
()

First, | want to fully flesh out an example that weve Glready seen.

Exampte When Tracy talked about spherical embeddings, she gave the ex ample of 6/H with G=SL, and
H=T. (Its also in Robs notes from last week) During her talk, we saw +hat the homogeneous space 6/H odmits
only one nontrivial embedding: X= Py ' Well &ry)to construct the painted gan pov X.

Recall our choice of max torus T=H and Borel subset B:

o T=z(g f,,)/ a+oj & B-= i(%‘;), a;o}

CHC-EAE G0 )

Performing a change of variables asin //mo%éi talk, we see shat the B-orbil is iso. to
{ Lp,ni)e Px P with p+q and P,%été)g‘
(you can also check Hhat $his is open)
B-Stable divisors: (that arent G-stable)
From Tracys talk, we hove: D = [P'x{[i0l} & D = {008 x P!
Notice also that the closed G-orbit is Z=diaq(F'). We also have the following B-stable affine open set:
Xze = X\(D'ub) ={lx], g0} = &
From Robs talk, recall that +he punekon fietd of Px[P'-A(P') s the same as tnat of 8= Clxy)
In X5, we know alocal equationfor 27 fixy) = (4" This is a B-eigenvector of weight -,
Thus, we have the following: <p(Z), o> ==1, and  VX)= Qo vz
Notice also tnat flxy) Was poles of order 1 along D' and D, so that
<pDM, o> = <plD)wy =1

Finally, from Robs notes we have that AX)%Z, sothat N(X)- Hom, (ALO, B ) = Q.
Using this, we get the following painted cone:

(p*) =pD) =1
V(6/H) /
- .

NLo/H)
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7| Horospherieal varieh‘es|
WWWWW

D_c}’i A homogeneous space GIH is called horospherical if one of the following holds:
* Itis a torus bundle over a flag variety &/P
* H contains tne unipotent radical o o Borel subgroup Th”;gzyzlfe,,t

* His the kemelof characters of a parabolic subgroup Pef G

This is uniquely defined as the normalizer
oFHinG

Theorem X is horospherical if and onwy if V(x) =NLX).

Example  Let G=SL, again. well tare H-U- Set gf unipotent upper A matrices i G.

S (R (P

NOTICE:  G/H = SL,/u = €303 oy 15 0 Baigemechor with weight
°The only color D is given by He equation 1y=0% 2 A(SL/m) = L,

° <P(D),w,> = /UD[ﬁ,,) = /UDLg) =1
* Notice: U(sL,/U) 2 N(8L/W).

We have the following non trivial simple embed dings:

* (L, B) = (Qeopld) B). According to Pezainiy this gives
the embedding 6/H U line @ el . (1P*\365)

- (L, L) - (@;c »(D) il)}). This gives the embedding
6/H vion} = C

prerasssaoganOrtoteesssr

MosasmramOnsmarses (G5, B5) = (@, p(D), o). This gives us B, C?

o

This 15 possibly o stupid queshon, but how olb Lhese painted fans compare tO tueir +ovic variety
counterparts? (ie Bl, €. asq toric variet(d)

i 5

Bl, ¢* [ livg ( The shaded regions are only to indicate +he

maximal cones a§ the J’aw)



Pet
- Whot about the nonsimple emoeddings of SL/u?  There are two:
S pointeg fan instead of o painted cone!

s F-1(550), (& 0), L&,M)} gives embedding [P The fan is #he following:

N e T

0 |

¢ ?‘ { (03, @), (C, D), L&, /)_;)} which gives Bl, [P*

2, OMBRSADN Al
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g Wonderful Varieties
////////////////////////////////////I//A

Def. Let X bea G-varisty. We call X wonderful if

Gy X is smooth ond complete

Gy X contains an open G-orbit  Xi whose complement s the union of smooth Gstable prime divisors
X .., X which nave normal erossings and nonempty intersection:
Gi) For all x%yeX we have
6’)(:63 if and only if ii lxexw_g ={3\3£X"’§ .
The humber v Lof disors from part () is the rank of X, and UX" (union of 6-stable prime divisors)
is the [M”j of X which we denote as 2X.

A note on 'normal crossing”: | interpret tnis to mean hat the X intersect like +he coordinate

hyperpLanes in C" As in Pezzinis notes any intersechion of +hem will give a wonderpul Subvariety.



Theorem (due to luna in 1996)  Wonderful varieties are projective and spherical.

Def Lot zeX be the unigue point fixed by B . It lies on %= Gz = unique closed G-orbit-
Consider the vector space ];X /T2 (twis s naturally o T-module) Its T-weights are called
spherical roots of X, and we denote Hu set of these by Zx.

If X is the wonderpul emeedding of a S.H.S. 6/H of rank ¥, then the spherical roots are in
bijechion widh codim 1 &-staple closed subiarieties and with codim r-i G stable closed subvarieties,

Facts (That [found interesting)
* Flag varieties are wondeul of rank 0.
* The only wonderful voriety that ie  4onc and wonderful is the point.
* A spherical variety is wondegpul if+oniy if itS +he canomical emvedding of its open &
orbit and the embedding is smooth.
Thus: a spherical homogeneous space admits at most one wonderpul em bedding
* Wonderful varieties arc classified by their asociated root system

® A natural question: when does a  spherical homog. space admit a wonderful emoedding?

~—~ CUlassificabon ¢f such spaces is nof yet complete.
Although, there isa  necessary condition: Ngtt /H must be ginite.

The general situabon:  The nomogenecus opaces 6/H= HxH [ diaglH) for H semisimple and adjoint

admit  wonderful compochfication X. X has Spherical coots  O; = ol + ol , where dj and o are simple
roots for each copy of H. There are alo n colors 2 we can determine fhe Vaues of fheir funchonals
0N c¢ach O Via +the cartan matrix assoc. to A.
Ateording o Pezzini...
Note. SL, admits a wonderful compactfication. (Its +he only non-adjoint
simple group that does) it is:
X=dadbe =t2%  P(My60)



notso Pe6
Example. Let G-PGL,. We consider GXG, with X* P pm,,,) 1P

| oot
- . - R~ 1 compachficd
/3= Borel subgroup of Gx6. 0 well take 3 =BxB with i bt
B - (a o and B= Z a b } Notice that BNnB=T
bc b C

° What is the #B-orbit of X? (How dogs 3 acton the idmb'{f/?)

o b) T O0\[c o _ [etbd b 9 Need a#0. Also. didnt Keller mention this
0 a/\0 1 /\d ¢ -a'd

o in his talk?

- except with

’

so the open  Pd-orbit willbe. Xp= i LZZ) | avo ad,faCtoS SLax 8L,
* What is the G-orbit of X7

This shoutd just be : { a b)
¢ d

S0, the open 6XG -orbit Dg X will be:

our boundary divisors should be.
ad-be #0

3 J/ Now we can figure out what

X = IPLMm)\?_(a,a/bc,)
then. X\X° ought +o gwe us the boundary divisors.  Notice P Ullm) \ (I?(Mm)\ﬂad—baD =

Zlad/loc)
° What about tne colovs?

3
bownday divisos
Recall prom +he depn: X*\ Xg = union of prime B-stable divisos = wnion of colovs
so. X \X3 = (P\elatbe) \ [P\ tadbe) u2(a))) =[2@)] o one cotor!

/_.,'\See "Total coord ring 4 a wwer‘;ul)

VArigtY” by Brion
* Spherical roots  (w.rd BxB) are pais  (oti, i), where < are the simpie roots o} He roof syskem
associated to Pbl,.. which is A, A cthoice 05 simple root for A is e-e,.

So.. AX) 2 root lattice o A, and N(.X)=How.,_(N)(),(D) 2 weight lattice gf A, (tensored w/ (D?)
F(ndu.u

V(X) = negative Weyl chamber. (| think Blake talked avont +his?)
an ottewpt at apainted fan:




