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Spherical  varieties  seminar - August  3rd 2018

GOAL:  Discuss  various  examples of  spherical ,
horo  spherical ,

and  wonderful  varieties
,  as  well  as  any related  definitions

¥ Notation / Defn Reminder
and  theorems  that  we  haven't  seen  in  this  seminar .

%
"  "  "  "  "  "  "  "  "  "  "  "  "  "  "  "  "  "  "  "  "  "  "  "

Def .

• A G - variety is  §pheri_ if it  is  normal and  has  an  open B- orbit .

• ( X
,  x ) is  an  embedding of GIH if X is  spherical ,

the G- orbit Gx  is  open  in X
,

and H is the  stabilizer

of xe X . We  call an  embedding simple  if it has  a  unique  closed G- orbit

£
It's  also  useful to  recall  that  any spherical G -

variety admits  a  cover  by open  G- stable  simple )( spherical  varieties - SO  we  really only need to  worry about  simple  guys .

Def .
 • CILX )

"3 '
= { fe �1� ( X) Ibf  =  Xlblf It btB  } some  x :B >  e* } =

' '

B- Eigenvectors
"

or B semi - invariant

functions
• NX ) = { xfl ft �1�LXYB' } =  set of all B- weights
• A  color is  a B - stable prime  divisor that  is  not G- stable . We  call the  set of all colors the

palette ,  which  we  denote by A ( X ) .

• Let ( X.  x ) a  simple  embedding of GIH .
 Define CLX ) ENLX ) to be the convex cone generated

by p× ( DLX ) ) and  by all of the G - invariant  valuations  associated to G- stable prime  divisors of X .

The  pair ( CLX)
,

DLX ) ) is  the painted cone of X
.

• Given  an  embedding ( X.  x ) of GIH , we define  its painted fan  as :

FLX ) = { colored cones  associated to Xy ,o for  any G- orbit  Y of X }

with Xy ,  o
=  { xtG| GT zy }

Notation .
 • pp =  valuation  associated to the Prime divisor D

.

• NLX ) := Home ( AN
,

Q )
• DLX

,
Y ) =

 colors of X that  contain the closed orbit  Y.

• C (X ) =

 cone ( convex ) generated by ALDCX) ) of weights  associated to G- stable prime divisors

of X .

• VLX ) =
 set of G - invariant  valuations  on X .

Pczzinis notes ( and Rob 's ! ) mention  the following :

To  classify ALL  spherical G- varieties
,  we  can  look  at  the following :

(
Recall : When GIH is  a

y- Fix  a  spherical  subgroup  HEG  and  study all  embedding X of GIH spherical variety ,
we  call

-

Study all  spherical  subgroups  HEG H a  spherical  Subgroup
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4 Revisiting examples of Spherical

Variety
AND  

THEIR

PAINTED  

FANSKONES

% "" " " " " " " " " " "  " "  " " "  " " " " " " " " " '

First
,

I want to fully flesh  out  an  example  that  we've  already seen .

Example When Tracy talked about  spherical embedding ,
she gave the  example of GIH  with G=SLz  and

H=T
. ( Its  also  In Rob 's  notes from last  week ) During her talk ,  we  saw that  the homogeneous  space  GIH admits

only one  nontrivial embedding : X= B' xp
.

'

We 'll try) to construct  the painted fan for X .

Recall Our  choice of Max  torus T=H and  Borel  subset  B :

t={(8%1 . } & B = Haobatlao}
The B - orbit :

coalition :L cobalt :H:t limited
Performing a  change of variables  as  in Tracys talk

,
we  see that the B- orbit  is  iso .

to

{ ( p , g) e B' xp
'

with ptq and p ,q± ( to ) }

( you  can  also  check that this  is  open .

)

B- Stable divisors : l that  arent G- stable )

From Tracy's  talk
,  we  have : Dt  

= II 'x{ [ 1,0 ] } & D- = { [ 1,0 ] } xp
'

Notice  also  that  the  closed  G - orbit  Is  £  =  diag ( IP
'

) . We  also have  the following B- stable  affine  open  set :

Xz ,B  = X\( Dtu D- ) = { [ x. D. [ y ,  11
.

}  = HE

From Rob 's talk
,  recall that  the function field of PKII '  

- AUP
' ) is the  same  as  that of HH - �1� ( x. y )

- 1

In Xz
,B ,

we Know  a Local equation for  Z : flx , y ) = ( X - y ) . This  is  a B- eigenvector of weight - a , .

Thus
,

we have  the following :  < p ( Z )
,

a
,

7  = - 1
,

and HCX) = Qsovz .

Notice  also that flx , y ) has polls of order 1 along Dt and D
,

so that

< PLDH ,
a , > =  s PCDJ ,

a , > = 1
.

Finally , from Rob 's notes  we have that NXIEZI
,

so that NLX ) = Home ( ALX )
,

Q ) ± Q .

Using this
,

we get the following painted Cone :

7) ( GH ) fp
( DY =p ( DT =p

f
lnmnmmlmnmll '

mummy •

0

NLGIH )
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4 Horospherical varieties
%

""  "  "  "  "  "  "  " "  "  "  "  "  "  "  "  "  "  "  " "

Def .
A homogeneous  space GIH is  called horo  spherical if one of the following holds :

• It  is  a torus bundle  over  a flag variety GIP

• H contains the  uni potent  radical of a Borel subgroup
These  are  all

• H is the  Kernel of characters of a parabolic  subgroup pog G

| " ↳  "  "  " £

↳ This  is  uniquely defined as  the  normalizer

of Hin  G
Theorem X is  horo  spherical if  and only if VLX ) =  NLX )

.

Example Let G = Sh again .
 We 'll take H=U=  set of Uni potent  upper A matrices  In  G

.

H=

Hoan } and ' 3= Haobad 1*4
NOTICE GIH = SLZIU = 02140,0 ) }

.

-

- so y is  a B- eigenvector  with Weight  Wi .

• The  only color D is given by the equation { y=o }
.

⇒ Nsldu ) ± Iw
,

• ( p (D)
,  w ,

> =

 up ( fw
,

)=  Noly ) = I

•

Notice : UCSLDU) ± Nlsldu ) .

We have the following nontrivial simple  embed  dings :

iammmmmnmmnwn

mwt.to>

• ( %
,

Di ) = ( Q to PLD)
,

0 )
. According to Pezzini

, this gives

the  embedding GIHU { line @ A }
... ( $240 } )

<fnwwmm@mww>mmmmmmnmmmmm>
• ( %

,
Da ) = ( Q±op( D)

,
{ D } )

.
This gives the  embedding

6/4 u { ( 0,0 ) } ± ¢ ?

<

tmnmnmmsnnno.mu#*
• ( [

3 ,
D3 ) = ( Q±o PLD)

,
0 )

.
This gives  us Blo Cl?

°

This  Is possibly a  stupid question ,
but  how do these painted fans  compare to  their tonic  Variety

counterparts ? Lie Block . .
 as  a toric  variety )

h i i

if i '

a i
,

• •
Bba

•^
CE ( The shaded regions  are  only to  indicate  the

• > •

÷
- . . .

maximal cones of the fan )
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... What about  the wnennsinmpneembedding of SLZIU ? There  are two :

↳ painted fart instead of a painted cone !

• F = { ( { 03,0 )
,

( G
,

D
,
)

,

( Cz
,
Da ) } gives  embedding II ?  The fan  is  the following :

Himmelmannmmivohssouhn >

0 1

•  of = { ( { 03
,

0 )
,

( C
, ,

D , ) ,
( Cos

,
D } ) } which gives Blo IP?

endangeringwww.mmaomm#mos
O

H Wonderful Varieties"" "  "  "  "  "  "  "  "  "  "  "  "  "  "  "  "

Def.
Let X be  a G- variety . We  call X wonderful if :

Li ) X is  smooth and complete

lii ) X contains  an  open G- orbit  X8  whose  complement  is the  union of  smooth G- stable prime  divisors

XY . . .

,
X

" '

which  have  normal crossings  and nonempty intersection .

C iii ) For  all x. y E X we have :

GX =

Gy if  and only if { i 1 xex
" } ={jly£X4 '}

The  number  r L of divisors from part Lid ) is the  rate of X
,  and it

,

Xu '
( union of G- stable primedivisors )

is the boundary of X
,

which  we denote  as ZX .

A  note  on
" normal crossing

"
: I interpret  this to  mean that the X

"
intersect  like the  coordinate

[hyper planes  In an
.

As  in Pezzinis notes
, any intersection of them  will give  a  wonderful sub variety .

|
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Theorem ( due to Luna  in 1996 ) Wonderful  varieties  are projective  and spherical .

DIF Let  ZEX be the unique point fixed by B- .

It lies  on £  = GZ  =

 unique  closed G- orbit .

Consider the  vector  space Tz X / Tz E
. ( this  is  naturally a T - module ) Its T . weights  are  called

spherical roots of X
,

and we  denote  the  set of these by Zx .

If X is the  wonderful  embedding of a S .  H .
 S

.
GIH of rank  r

,
then the spherical roots  are  in

bijection  With codim  1 G- stable  closed sub  varieties
,

and with  codim  r - I G - Stable  closed sub varieties
.

-

Facts ( That I found interesting )

•Flag varieties  are  wonderful of rank 01 .

• The  only wonderful varietythat Is tonic  and wonderful is the point .••A  spherical  variety is  wonderful if +  only if its the  canonical embedding of its open G

orbit  and the embedding Is  smooth .

Thus :  a  spherical homogeneous  space  admits  at  most One wonderful embedding
•• Wonderful varieties  are  classified by their associated root  system

•A  natural question :  when does  a  spherical homog .
 space  admit  a  wonderful  embedding ?

~x Classification of such  spaces  is  not yet  Complete .

Although ,
there  is  a  necessary condition :  Nott At must  be finite .

The general situation :  The homogeneous  spaces GIH =  H×H/diagLH) for H semi  simple and adjoint

admit  wonderful compact .fi  Cation X .
X has  spherical roots  Oi  =L ;

 +  di
'

,
where  di  and di  are  simple

roots for  each  copy of H .
There  are  also  n  colors

, E, we  can determine the  values of their functionals

On each Oi  via the  Cartan  matrix  Assoc . to H
.

According to Pezzini
. .

.

Note . SLZ admits  a  wonderful compactification . ( Its the  only non - adjoint

simple group that does ) it  is :

X = { adrbc = e } C # ( Manoa )
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Example .
Let G= PGLZ . We  consider G×G

,
with Xt P( Man ) ±lP3

A  wonderful%
compactigication - to Alicia

.D= Borel  subgroup of G×G
.  so  we 'll take D= B- ×B

,  with :

15 = { ( g, 9) | and B={ ( aobc )} .

notice  that BnB= .

% ""  " "  "  "  "  "  "  "  "

• What  is the B - orbit of X ? C How  does B actor the  identity ? )

( aoba . , )("o9) ⇐g) = ( ay.ydab.cc) @
Need an .

Also
"

 didn't Keller  mention this

so  the  

open
B- orbit  will be : x%={ ( qba ) | a ,⇒

,
ad.ba ,⇒ }

( "  "  " " ?"e¥'
cergtzxwgjtzh?

)
•  what  is the G- orbit of X ?

µ  Now  we  can figure  out  What

This  should just be : ( ( gb.) | adbc ,=o|
,

Our  boundary divisors  should  be .

so
,

the  open GXG - orbit of X will be : Xo  
= lPLnz×d\Z( adbc )

then
. . X\X° ought  to give  us the boundary divisors

.
Notice II ( Mud \ ( P( Man ) ltlad - bc )) =

⇒adrbc )
-

• What  about the  colors ? boundary divisor

Recall from the defn : X°\X°b =
 union of Prime B- stable divisors  =  union of colors

so
. . X°lX°B= Uplzladbc )) \ ( BNZ Ladbc ) UZLAD) =IZLa# he one  color !

A
See

"
Total word ring of a Wonderful( variety "  by Brion )

• Spherical roots ( writ BXB ) are pairs tai ,
a ;)

,
where di  are the  simple  roots of the  root  system

associated To Pblz . . .
 which  is A

,
.

A  choice of simple  root for A ,  is  e
,  

- ez .

So
...

NX ) ± root lattice of At ,
and NLX ) = Home ( Nk )

,

Q ) I weight lattice of At .

L tenured w/Q ? )

Finally ...

VLX ) =  negative  Weyl chamber
. ( I think  Blake  talked about  this ? )

an  attempt  at  a painted fan :

- enter
•

ULX ) ?
•  ei -

ec


